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Assume that G is a nonempty open subset of the complex plane and that 7 is an
operator on the linear space of holomorphic functions in G, endowed with the com-
pact-open topology. In this paper we introduce the notions of strongly omnipresent
operator and of 7-monster, which are related to the wild behaviour of certain
holomorphic functions near the boundary of G. T-monsters extend a concept intro-
duced by W.Luh and K.-G. Grosse-Erdmann. After showing that 7 is strongly
omnipresent if and only if the set of 7-monsters is residual, it is proved in this paper
that certain kinds of infinite order differential and antidifferential operators are
strongly omnipresent, which improves some earlier nice results due to the men-
tioned authors.  © 2000 Academic Press
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1. INTRODUCTION AND NOTATION

Throughout this paper G will stand for a nonempty open set in the com-
plex plane C. N is the set of positive integers, No=Nu {0}, Z is the set
of all integers, C,, is the extended complex plane Cu {0}, 0G is the
(finite) boundary of G, B(a,r) (B(a,r)) is the euclidean open (closed,
respectively) disk with center ¢ and radius r (ae C, r>0), and D = B(0, 1).
If A<=C then A4° is the interior of 4 and we denote LT(A) = {affine linear
transformations 7(z) =az + b such that ¢(D) < 4}.

H(G) denotes, as usual, the linear space of holomorphic functions on G,
endowed with the topology 7,. of uniform convergence on each compact
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subset in G. Let #°(G) be the family of compact subsets of G. It is known
that the family

{D(f,K,¢): fe HG), Ke #(G),e>0},
where
D(f,K,e)={ge H(G): |g(z)— f(z)| <efor all ze K}

is a basis for 7,,.

If K is a compact set of C, then A(K) will stand for the linear space
C(K) n H(K®), which becomes a Banach space if it is endowed with the
maximum norm.

A topological space X is a Baire space if and only if the intersection of
a countable family of open dense subsets is also dense. Baire’s theorem
asserts that each completely metrizable topological space is a Baire space.
Consequently, H(G) is a Baire space. In a Baire space X, a subset is
residual when it contains a dense Gs-subset of X; such a subset is “very
large” in X. These notions and results can be found, for instance, in [ 13,
pp. 213-214; and 21, pp. 40-411].

If fe H(G) and je N, we denote, as usual, by ) the derivative of f
of order j. The linear operator D’: H(G)— H(G) defined by D/f =f is
continuous.

An entire function @(z) =3, a;z7 on C is said to be of exponential type

J
whenever there exist positive constants 4 and B such that

|D(z)| < AeB ! for all zeC.

This happens if and only if limsup;_ ., (j!|a;[)" is finite (cf [23,
Chap. VII]). @ is said to be of subexponential type if and only if given
&> 0, there is a positive constant 4 = A(¢) such that

|D(z)| < Aet ! for all zeC.

It happens that @ is of subexponential type if and only if lim sup;_,
(! |aj|)1/j= 0 (cf, e.g., [5, 2.2.9-11]). Trivially, each entire function of sub-
exponential type is also of exponential type. To every entire function @ we
can associate a “formal” infinite order differential operator with constant
coefficients L=®(D), that is, L=3",a,D/ with D°=I=the identity
operator. The following statement is easy to prove (see [ 3; 7, pp. 58-60; 11,
Sect. 5; 25, p. 35]) and furnishes a sufficient condition in order that @(D)
can be an operator.

THeOREM 1.1. Let d(z)=3%7, a;z’ an entire function of subexponential

type. Then 3.2 o la;| sup, .. |/ (2)] < + oo for every Le#'(G) and every



206 BERNAL-GONZALEZ AND CALDERON-MORENO

fe H(G), and ®(D) is a well-defined continuous linear operator on H(G). If
G =C, the same assertion holds just by assuming that @ is of exponential

type.

Recall now the “infinite order antidifferential operators.” They were
studied by the first author (see [4]). First, assume that G < C is a simply
connected domain and that a is a fixed point in G. If je N and fe H(G)
denote by D7’f the unique antiderivative g of order j of f (ie.,
(D)) = £) such that g®(a)=0 (k=0, 1, .., j—1). In fact, we have

R e e A ER)

where the integral is taken along any rectifiable curve y = G joining «a to z.
Each D~/ is a continuous linear operator on H(G). If 6 € [0, + o), then we
denote by S(d) the set of formal complex power series ¥(z)=372,¢;z/
such that lim sup;_, ., (|¢;|//! YW < 6. For fixed ce G we use the notation
A(e, G)=sup, ¢ inf{r>0:c is in the connected component of B(z, r) "G
containing z} (see [2,6]). The following result can be found in [4,
Theorem 6].

THEOREM 1 2.0 Y(2)=%7, c;z7€S(1/4(a, G)) then the series
YD = 0 ¢D™ 7 defines a continuous linear operator on H(G).

W. Luh has studied in a series of papers the problem of existence of func-
tions with wild behaviour at every boundary point of certain open sets (see
[14-17]). The following strong result can be found in [17].

THEOREM 1.3. Let G C, G#C, be an open set with simply connected
components. Then there exists a function fe H(G) with the following
properties:

(1) For every tedG, every compact subset K with connected comple-
ment and every g€ A(K), there exist affine linear mappings t,(z)=a,z+b,
with t,(K)c G (neN) and a,, —> 0, b,, > t (n — o0) such that f(t,(z)) — g(z)
(n— o0) uniformly on K.

(2) In addition, each derivative f9 (je N) of f and each antiderivative
of f of arbitrary order has the boundary behaviour described in (1).

Functions satisfying (1) and (2) are called “holomorphic monsters” by
Luh. He shows in [ 17] that its set is dense in H(G). In addition, he proves
that every fin H(G) satisfying (1) also satisfies the next two properties:

(a) For every bounded open set U< C with simply connected com-
ponents, every g € H(U) and every ¢ € 0G, there exist affine linear mappings
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1,(z)=a,z+b, with 7,(U)cG (neN) and a, -0, b, >t (n— o0) such
that f(7,(z)) — g(z) in H(U).

(b) For every bounded Lebesgue-measurable set S<C, every
Lebesgue-measurable function g: S — C_, and every ¢ € 0G, there exist affine
linear mappings 7,(z)=a,z+ b, with 7,,(S)= G (neN) and a, -0, b, > ¢
(n— o0) such that f(7,(z)) - g(z) almost everywhere in S.

The properties exhibited in Theorem 1.3 and in (a) and (b) can be
expressed in terms of the maximality of certain generalized cluster sets
introduced in [17].

A little later, in 1987, K.-G. Grosse-Erdmann showed [ 12, Kapitel 3]
that if f € H(G) then it is a monster in the sense of Luh if and only if every
derivative and every antiderivative of f of arbitrary order, say F, satisfies
that for each Jordan domain Q = C, each 1€ 0G and each ge H(Q), there
exist two sequences {da,},.n and {b,},.n in C such that a, -0, b, —>¢
(n—>w), a,z+b,eG (zeQ, neN) and F(a,z+b,)—>g(z) (n—> 0)
uniformly on compact subsets in Q. In fact [ 12, Satz 3.0.2], it suffices to
take Q =D in the latter property. By using the fact that being a monster is
equivalent to the universality with respect to a certain family of composition-
differentiation-antidifferentiation operators, he also proves [12, Satz 3.1.8]
that the set of monsters on G is not only dense but residual in H(G).

Monsters with additional properties were constructed by Luh [18] and
I. Schneider [247]; see also [19].

On the other hand, the first author [1] introduced in 1992 the
“omnipresent holomorphic operators.” Let us recall this notion. Let 7 be
a continuous mapping 7: H(G) —» H(G). T need not be linear. Denote
O(0G)={V<C: Vis open and Vn oG # J}. Recall that T is said to be
omnipresent if each subset R(T, V, W)={fe H(G): there exists ze GN V
such that 7Tf(z) e W} is dense in H(G) for all Ve O(0G) and all nonempty
open subsets W< C. In [1] it is shown that each differential and each
antidifferential operator is omnipresent. These properties will be
strengthened in Theorem 3.1 and, partially, in Theorem 4.2.

In this paper we introduce two original concepts which are connected
with each other: the 7T-monsters and the strongly omnipresent operators.
With these, we will be following the ways opened by Luh and Grosse-
Erdmann from the different point of view presented by the first author in [1].
In particular, operators of type @(D) and ¥(D ') are going to be studied.

2. DEFINITIONS

From now on, we denote by G an arbitrary open subset of C,
G#C.
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Let T: H(G) — H(G) be a continuous operator, which need not be linear,
as it was supposed before. If ge H(D), ¢ >0, re(0, 1) and Ve O(0G), then
U(T, g, & r, V) will stand for the set

U(T, g, e r, V)={fe H(G): there exists e LT(V n G) such that
[(Tf)(z(z)) — g(z)| <efor all zerD}.

It is evident that each of these sets is open in H(G).

We will say that T is strongly omnipresent in G if and only if every set
UT, g,e,r, V) (ge HD), e>0, re(0,1), Ve 0O(0G)) is dense in H(G). It
is evident that each strongly omnipresent operator on H(G) is also omni-
present. By Theorem 1(c) of [ 1 ]—applied on T = the identity operator and
g(z) =exp z—we have that f+—exp f'is a (nonlinear) omnipresent operator
on H(G) which is not strongly omnipresent by Hurwitz’s theorem and
Lemma 2.1 together with Theorem 2.2 below. Up to date, we do not know
whether a /inear omnipresent non-strongly omnipresent operator can exist
or not.

Inspired by [12], we will say that a function f'e H(G) is a T-monster in
G if and only if for each Jordan domain Q < C, each ge H(LQ) and each
1€ 0G, there exist two sequences {a,},.n and {b,},.n in C such that

a,—=0, b,—>1t (n—o0)

a,z+b,eG forall neN forall zeQ
and
(Tf)a,z+b,) >g(z)  (n—o0)

uniformly on compact subsets in Q. Note that a function fe H(G) is a
monster in the sense of Luh if and only if f/is a D’/-monster for every je Z
(it is easy to see that if a j-antiderivative of f satisfies condition (1) in
Theorem 1.3 then every j-antiderivative of f also satisfies (1)).

Denote by (T, G) the set of T-monsters in G. Let us see now
(Theorem 2.2) that both concepts are closely connected. Before this, we
need the following auxiliary lemma. The proof of it is a simple adaptation
of the first part of the proof of [12, Satz 3.0.2], and so it is left to the
interested reader.

LemMA 2.1. Let {g;};,cn be a dense countable subset of H(D) and
{14} ke~ a dense countable subset of 0G. Then, [ € H(G) is a T-monster in G
if and only if for each ie N and each keN there exist two sequences
{ap} nens {bu}nen in C such that a, — 0, b, - t; (n— ), a,z+b, €G for
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allneN and all zeD and (Tf )(a,z+b,) > g,(z) (n— o) locally uniformly
in D.

THEOREM 2.2. Let T: H(G) — H(G) be a continuous mapping. Then T is
strongly omnipresent in G if and only if M (T, G) is residual in H(G).

Proof. Fix a dense countable subset {g;};cn of H(D) and a dense
countable subset {#,},.n Of 9G. From the fact that H(G) is a Baire space,
the statement of the theorem will become obvious as soon as we prove that

MT,G)= () U<T, i %, 1 —%, B <lk, ;>>
i,k,leN

For this, fix f'e #(T, G). For each ie N and each keN there are two

sequences {a,},cn and {b,},.n in C such that a, » 0, b, > t, (n— o0);

a,z+b, €G for all ne N and for all ze D and (Tf)(a,z +b,) — g; (n— o0)

uniformly on compacta in D. So, for every /e N there exists me N such

that

1
|am|<515 |bm_tk|<27>
. 1 _ 1
|(Tf)(amz+bm)—gi(z)|<7 forall zeB 0,1—7.

Then, 7(z) :=a,,z+b,, € LT(B(t, 1/I) n G) and

1 1 1
' T,¢g,,-,1—=,B =)
f€U< agzsla ls <tks l>>

Now, let f€ (Vi rien UT, g, 1/, 1—(1/1), B(ty, 1/1)). Then, for each iel
and each keN there is a sequence {7,(z)=a,z+b,},.n of affine linear
mappings such that

(D)= G B<tk,;>, (1)

(TF)(t,(2)) — g:(2)] <% for all zeB<O, 1 —;> (2)

By (1), a;z+b,€G for all /eN and all zeD, and |a;z+b,—t,| <1/ for
every zeD. So, by taking z=0 and z=1/2, we get b, > ¢, and a;,—>0
(/- o0). Finally, (2) gives that (7f)(a;z+b;) > g; (I> o0) uniformly on
compact subsets in D. Apply Lemma 2.1 to obtain that fe.#(T, G), as
required. The proof is finished.
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The following problem remains open: Is 7 strongly omnipresent just by
assuming that .#(T, G) is nonempty?

3. INFINITE ORDER DIFFERENTIAL OPERATORS

Let &(z)=),-0a,z" be a nonidentically zero entire function of sub-
exponential type and G < C an open subset with G # C. Consider the con-
tinuous linear operator 7=®(D). Since T can be defined on the space
H(C) of all entire functions and commutes with the translations, it is sur-
jective from H(C) onto H(C) (see [9; Sect. 5; 20]). In particular, for every
polynomial P, there exists an entire function f such that 7f = P. We are
now ready to state our next result, which improves strongly Theorem 2(a)
of [1].

THEOREM 3. The operator T = ®(D) is strongly omnipresent in G.

Proof. Fix ge HD), e>0, re(0,1) and Ve O(0G). We have to prove
that U(T, g, &, r, V) is dense in H(G).

Let K be a compact subset of G, d >0 and f'e H(G). It is evident that we
can find a point a, a positive real number s and a set L satisfying:

(1) L is compact, Kc L <G and each connected component of
C.. \L contains some connected component of C_\G.

(2) Bla,s)<= VA (G\L).

Consider the affine linear mapping 7(z) = sz + a. Then

(D)=B(a,s) = VnG and (rD) = B(a, rs). (1)

On the other hand, by taking ' € (r, 1), a positive constant 4 can be found
in such a way that

(G =r)s)y”

n:

la,| <A for all n>=0, (2)

because @ is of subexponential type.
Since got ' e H(B(a, 5)), we can obtain a polynomial P(z) with

|P(Z)—gof’1(z)|<§ for all ze B(a, r's) (3)
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and, as noted just above this theorem, there exists an entire function Q
such that

&(D) Q=P (4)
Choose an open subset W of G satisfying L= W and Wn B(a, s)=. If

S=LuB(a,r's) and U=Wu B(a,s), then S is compact, U is open,
Sc Uc G and each “hole” of S contains at least one “hole” of G. Define
¢ on U by

[ f(2) if zeW
(”(Z)_{Q(z) if zeB(a,s).

Trivially ¢ € H(U). By Runge’s Theorem, there exists a rational function /,
with poles outside G (hence & e H(G)), such that

|(p(z)—h(z)|<min<5,r_rs> for all zesS.
447

Then
| f(z)—h(z)| <o on K. (5)
Furthermore, if y = {#: |t —a| =r's}, Cauchy’s formula gives

LI LUR0 dt‘

2ni J, (1—z)"*!

|h™(2) = Q"(2)| =

n!  length(y)
<— o _
Som ey gy T
nle
<—
4A((r' —r) s)"

forall n>=0 andall zeB(a,rs). (6)

Therefore, by (2), (4), and (6),

|@(D) h(z) — P(2)| = | (D) h(z) — (D) O(z)|

Y a,(h(z2) = 0™(2))

n=0
<Y la,| [h(2) = 0" (2)]

n=0
<& Y <1>n ' forall € B(a, rs) (7)
X7, ~ =3 z ’ .

4 Zo\2 2
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So, by (1), (3) and (7), there exists 1€ LT(G n V) such that
|&(D) h(z) — got(2)]

<|D(D) h(z) = P(z)| + |P(z) — got7 ! (2)] <§—|—§=g

in B(a, rs). Thus,
[(Th)(z(z))— g(z)|<e  forall zerD. (8)
Consequently, by (5) and (8),
he UT, g, &, 1, V)N D(f, K, 6),

ie., U(T, g, & r, V) is dense in H(G) and T is strongly omnipresent.

Remark 3.2. Although we have proved that T is strongly omnipresent,
we could give a similar proof to see, directly, that .#Z(T, G) is residual in
H(G). In fact, the proof would only be changed in its first part.

4. INFINITE ORDER ANTIDIFFERENTIAL OPERATORS

In [ 1, Theorem 3], the first author showed that the operator S: H(G) -
H(G) defined by

s = gz fd (z¢6)

a

is omnipresent, where G = C is a simply connected domain, a € G is fixed,
@: GxG— C is a function which is not identically zero and holomorphic
with respect to both variables. The integral is taken along any rectifiable
curve in G joining a to z.

We can improve the latter result, at least when the kernel ¢(z, ¢) is an
entire function depending only on the difference z — ¢ and does not grow
too much. Note that, in our main result (Theorem 4.2), T'is something like
a Volterra operator of the second kind in the complex plane (S would be
of the first kind). In the proof of the theorem the following elementary
lemma will be needed.

LemMA 4.1. If G< C is a simply connected domain with G #C, be C\G
and N e N, then the set ?(b, N) of polynomials P such that b is a zero of P
with multiplicity not less than N is dense in H(G).
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The proof of the latter lemma is an easy application of Runge’s theorem,
so it is left to the reader.

THEOREM 4.2. Assume that G <= C is a simply connected domain, G # C,
ae G and h is an entire function of exponential type, h not identically zero.
Let 42 €C and consider the linear operator T on H(G) defined by

/) =)+ [ he—0) fldi (z€G),

a

where the integral is taken along any rectifiable curve in G joining a to z.
Then T is strongly omnipresent.

Proof. In order to cause no confusion, we will keep the letter z to
denote the points of D. Let us set A(w—1¢)=¢@(w, t). Then ¢: GXG— C is
a function not identically zero and holomorphic with respect to both
variables. We may do this because the first part of the proof is not based
on the fact that the kernel only depends upon w — .

In order to show that 7 is strongly omnipresent, fix fe H(G), ¢>0, a
compact subset K< G, Ve 0O(0G), 0>0,re(0,1) and ge H(D). It is clear
that we can find b, B, y, 7, and L satisfying:

(1) L is compact, {a} UK <=L <G and the complement of L is con-
nected,

(2) B is a closed ball with B=1(D)c VnG\L, 7 being a non-
constant affine linear mapping,

(3) 1y is a rectifiable Jordan arc in G joining a to b and y=y, + 7,,
where y, (k=1, 2) are rectifiable Jordan arcs too, y;, =y L, b is the end
point of y, and y " B={b}.

Assume that we have proved the property
the linear operator S: H,(C) — H(B°) given by
(SW)00) = 2p00) + [ ) oy i (we BY) (P)
has dense range,

where H,(C):={y € H(C) : Y(b) =0}, which is a closed subspace of H(C).
Each integration curve may unambiguously be chosen as a rectifiable
Jordan arc joining b to w contained in B, for instance, the segment [ b, w].
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Denote y(w)=7y+ [b, w]. Observe that length(y(w)) <length(y) + 2s for
all we B, where s is the radius of B. Define the constant « by

a=sup {|p(w, 1)|: we B, teyu B}.

We can suppose that y, has a parametrization w € [0, 1]+ S(u), where
is injective. If f: y - C is defined as

f(w) if wey,
SBON(L—u) if w=p(u)€y,,

then f is continuous on .

Note that gor~! is defined and holomorphic on B° because g is
holomorphic on D =7"'(B°). The same is true for the function w+
jy @(w, 1) f(1) dt. From property (P), there exists an entire function ¥ such
that ¥(b)=0 and

7o ={

’(S‘P)(w)—(g(fl(w))—J o(w, 1) (1) dt>’ <§ for all weB,, (1)

Y

where B, :=1t(rD). Let K,=L uyu B. Define the function f;: K, — C as

f(w) if welL
Siw) =9 f(BO)(A —u) if w=pu)ey,
Y(w) if weB.

Then K, is a compact set whose complement is connected, f; is continuous
on K, and holomorphic in its interior K3=L°uU B% By Mergelyan’s
Theorem [ 10, pp. 97-109; 22, Chap. 20], there is a polynomial P such that

min(e, 0, 1)

1P(2) = /1(2)] <1 +3 2] + 3o(length(y) + 2s)

forall zekK,. (2)

We have, for every we B,
(TP)(w)—g(z~"(w))

— 2P(w) +j o(w, 1) P(1) di — gz~ (w))

y(w)

= A(P(w) —¥(w)) +f( ) @(w, O)(P(1) = f1(1)) dt

w

+f o(w, 1) 7(1) dt+,1av(w)+j o(w, 1) Y1) di — g(z~ 1 (w))

y b

—I+J+M,



HOLOMORPHIC 7-MONSTERS 215

where

I=[ glw, 0)(P() = fi(1) db,

y(w)

7= (5200~ (gte 00 = o) Ty ).

b4

M=AP(w)— P(w)).
Inequality (2) yields

<2
3

and

v <2
’

From (1) we obtain |J| <&/3, so |[(TP)(w)— g(z~'(w))| < because of the
triangle inequality. A change of variables shows that

(TP)(z(z))—g(z)|<é  forall zerD. (3)
But (2) also gives that
|[P(w)— f(w)|<e on K (4)
because K< L < K. Then (3) and (4) tell us that
PeD(f, K, e)nUT, g,o,r, V).

Hence U(T, g, d,r, V) is dense in H(G) and T is strongly omnipresent, as
required.

Thus, we should prove property (P). At this point the shape ¢(w, t) =
h(w—t) of ¢ is crucial. A “Laplace transform” method will be used in this
part of the proof. From now on, the letter z may be any complex number,
not necessarily in D.

By applying Lemma 4.1 on G= B° and taking into account that every
polynomial can be written as a finite linear combination of powers
(z—b)™, it suffices to show that there is m, € N such that for each m >m,
a corresponding function ¥e H(C) can be found in such a way that
¥(b)=0 and

}v‘l’(z)+r W(r)h(z—1)di=(z—b)" forall zeC.
b



216 BERNAL-GONZALEZ AND CALDERON-MORENO

By the analytic continuation principle and a simple change of variables, we
should be done whenever we are able to prove the existence of m, € N such
that for every m >m, there is an entire solution ¥(z) with ¥(0) =0 of the
functional equation

AW(x)+ (P * h)(x)—x"=0  (xe(0, +0)), (5)

where ¥ % /i is the convolution product
(¥ % h)(x)zr W(1) h(x — 1) d1.
0

Let us choose m, =2 + [ the multiplicity of 4 for the zero at the origin] (the
multiplicity may be, of course, zero) and fix m = m,.
Since £ is of exponential type, its Laplace transform

(Lh)(z) = f:m h(t) e~ di

is defined and holomorphic on a certain half plane {Re z> x,}. In fact, if
2ol z7 is the Taylor series of 4, then p :=lim sup; , ., (! |hj|)1/j< + oo
and the series 32 (j! h;/z/*") converges on {|z|>p}. We have that
(Lh)(z)=%720(J 'h /z”l) on Rez>p. We have used that the Laplace
transform of each functlon x™ is m!/z™*1. Consider the expression

m'zm+l

A+ (G=Dlhy 2

F*(z)=

Note that the series in the denominator defines a holomorphic function on
B(0, 1/p) whose zero at the origin has multiplicity not greater than m,— 1,
so F*(0) =0 (with multiplicity at least 2) and there is u € (0, 1/p) such that
F*e H(B(0, u)). Then the function F(z):=F*(1/z) is holomorphic in the
neighbourhood |z| > 1/u of co and has a zero at this point. Consequently,

it has an expansion
c; 1
ERNCE!
u
with ¢, =c¢; =0.

Thus, F' is representable by means of an absolutely convergent Laplace
integral. In fact (see [8, p. 66]), the function

F(z)=

J

"MS

zJ (zeC)

o0
— Z C]+1
j=1 J!
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is entire and of exponential type, and satisfies ¥(0) =0 and

F(z) =j W(t)e *di  (Rez>R)

0
for certain Re (0, + c0). Hence

>j°° Wi e di=—"""  (Rez>R)
0

!
j Zm+1

</1+ > /
Jj=0

h;
Z]+1
that is,

MLY)(z) + (Lh)(z)- (L¥)(z)=(Lo)(z)  (Rez>R),

where o(x):=x". But, by Borel’'s theorem, L(¥ % h)(z)=L(¥)(z)-
(Lh)(z), so, by linearity,

LAY+ ¥ % h—o0)(z)=0 (Re z>R).

Since AW+ ¥ % h—o is continuous on the interval (0, +o0), we obtain
AP+ ¥ % h—o=0 on that interval (see [8, pp. 53-54]). But this is (5).
This completes the proof.

We obtain immediately the following corollary, which of course can be
applied on a nonzero entire function ¥.

COROLLARY 4.3. Let G C be a simply connected domain with G # C.
Fix a point ae G and let ¥(z) =3, ¢;,z7€ H(B(0, R)) for some R>0, ¥
being not identically zero. Consider the operator T=¥(D ™) on H(G). Then

T is strongly omnipresent.

Proof. Recall that, in the definition of ¥(D '), a point a € G has been
fixed. We will see that the hypotheses of Theorem 3.1 or Theorem 4.2 are
satisfied. We have that

lim sup(|¢;|"/) < + oo (6)
J— o
and, trivially,
o)1
lim sup <"> =0. (7)
Jj— o ]'
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By (7) and Theorem 1.2, T is a linear continuous operator on H(G) and for
any fe H(G)

Tf(z) = 2f(z) + j “hz—1) ftyde  (for all z€G),

where 2 =c¢,eC and h(w) =372, (¢;/(j—1)!) w/~ 1 Observe that / is an
entire function of exponential type, because of (6).

Consequently, either /4 is identically zero (so A#0, because ¥ is not
identically zero) and we get all hypotheses of Theorem 3.1 just by taking
&(z) =4, or h is not identically zero and we apply Theorem 4.2. In any case

T is strongly omnipresent and the proof is finished.

The following final result is a straightforward consequence of
Theorems 2.2, 3.1, and Corollary 4.3, and of the fact that, in a Baire space,
the intersection of a countable family of residual subsets is also residual. In
fact, the Baire category approach is now a classical tool in the study of
universality. Note that, for simply connected domains, the results of Luh
and Grosse-Erdmann follow from the special case @,(z) = Wl (jelZ).

THEOREM 4.4. Assume that G a simply connected domain of C, G #C.
Fix a point ae G and let D™ be the corresponding antidifferential operator.
Suppose that {®,} ;.5 is a family of nonidentically zero entire functions such
that @; is of subexponential type for jeN,. Denote T;=®;(D) whenever
jeNyand T;= d5j(D71) whenever — je N. Then there is a residual subset in
H(G) consisting of functions f satisfying the following property: For each
JEZ, each t € 0G, each compact subset K = C with connected complement and
each ge A(K), there exist affine linear transformations t, with t,(K)cG
(neN) and a, -0, b,—>t (n— o) such that (T;f)et,—>g (n— 0)
uniformly on K.

ACKNOWLEDGMENT

The authors are grateful to the referees for helpful comments and suggestions.

REFERENCES

1. L. Bernal-Gonzalez, Omnipresent holomorphic operators and maximal cluster sets,
Collog. Math. 63 (1992), 315-322.

2. L. Bernal-Gonzalez, Derivative and antiderivative operators and the size of complex
domains, Ann. Polon. Math. 59 (1994), 267-274.



17.
18.
19.

20.
21.
22.
23.
24.

25.

HOLOMORPHIC 7-MONSTERS 219

. L. Bernal-Gonzalez, On universal entire functions with zero-free derivatives, Arch. Math.
68 (1997), 145-150.

. L. Bernal-Gonzalez, Hypercyclic sequences of differential and antidifferential operators,

J. Approx. Theory 96 (1999), 323-337.

R. P. Boas, “Entire Functions,” Academic Press, New York, 1954.

. M. C. Calder6on-Moreno, Universality of derivative and antiderivative operators with
holomorphic coefficients, Ann. Polon. Math., in press.

. D. G. Dickson, Expansions in series of solutions of linear difference-differential and
infinite order differential equations with constant coefficients, Mem. Amer. Math. Soc. 23
(1957).

. V. Ditkine and A. Proudnikov, “Calcul Opérationnel,” Mir, Moscow, 1983.

. L. Ehrenpreis, Mean periodic functions, I, Amer. J. Math. 77 (1955), 293-328.

. D. Gaier, “Lectures on Complex Approximation,” Birkhéduser, Basel/London/Stuttgart,
1987.

. G. Godefroy and J. H. Shapiro, Operators with dense, invariant, cyclic vector manifolds,
J. Funct. Anal. 98 (1991), 229-269.

. K.-G. Grosse-Erdmann, Holomorphe Monster und universelle Funktionen, Mitt. Math.
Sem. Giessen 176 (1987).

. J. Horvath, “Topological Vector Spaces and Distributions,” Vol. 1, Addison-Wesley,
Reading, MA, 1996.

. W. Luh, On universal functions, in “Fourier Analysis and Approximation Theory, Proc.
Collog. Budapest, 1976,” Vol. II, pp. 503-511, North-Holland, Amsterdam, 1978.

. W. Luh, Uber cluster sets analytischer Funktionen, Acta Math. Acad. Sci. Hungar 33
(1979), 137-142.

. W. Luh, Universalfunktionen in einfach zusammenhédngenden Gebieten, Aequationes

Math. 19 (1979), 183-193.

W. Luh, Holomorphic monsters, J. Approx. Theory 53 (1988), 128-144.

W. Luh, Multiple universal holomorphic functions, J. Approx. Theory 89 (1997), 135-155.

W. Luh, V. A. Martirosian, and J. Miiller, T-universal functions with lacunary power

series, Acta Sci. Math. (Szeged) 64 (1998), 67-79.

B. Malgrange, Existence et approximation des solutions des équations aux dérivées par-

tielles et des équations de convolution, Ann. Institut Fourier (Grenoble) 6 (1955/1956),

271-355.

J. C. Oxtoby, “Measure and Category,” 2nd ed., Springer-Verlag, New York, 1980.

W. Rudin, “Real and Complex Analysis,” 2nd ed., Tata McGraw-Hill, Faridabad, 1974.

S. Saks and A. Zygmund, “Analytic Functions,” 2nd ed., PWN, Warsaw, 1965.

I. Schneider, Schlichte Funktionen mit universellen Approximationseigenschaften, Mitt.

Math. Sem. Giessen 230 (1997).

G. Valiron, Sur les solutions des équations différentielles linéaires d’ordre infinie et a

coefficients constants, Ann. Ecole Norm. (3) 46 (1929), 25-53.



	1. INTRODUCTION AND NOTATION 
	2. DEFINITIONS 
	3. INFINITE ORDER DIFFERENTIAL OPERATORS 
	4. INFINITE ORDER ANTIDIFFERENTIAL OPERATORS 
	ACKNOWLEDGMENT 
	REFERENCES 

